The aim of this research work is to introduce and study the lattice F-transform for functions in two variables. The study of such F-transform is based on generalized fuzzy partition (not necessarily finite) of the universe.
Introduction
Fuzzy transform (F-transform), firstly proposed by Perfilieva [16] has now been significantly developed and opened a new page in the theory of semi-linear spaces. The main idea of the F-transform is to factorize (or fuzzify) the precise values of independent variables by a closeness relation, and precise values of dependent variables are averaged to an approximate value. The theory of F-transform has already been elaborated and extended from real valued to lattice-valued functions (cf., [16, 17] ), from fuzzy sets to parametrized fuzzy sets (cf., [28] ) and from the single variable to the two (or more variables) (cf., [11, 12, 29] ). The various studies carried out in the line of applications of F-transform, e.g., denoising [15] , scheduling [9] , trading [31] , time series [14] , numerical solutions of partial differential equations [8] , data analysis [18] , and neural network approaches [30] . The extension of the F-transform to functions in two variables shows powerful applications in signal and image processing, particularly, image compression (cf., [10, 13, 19] ), edge detection (cf., [3, 22] ), image reconstruction [21] , image fusion [32] , coding/decoding of images [11] and solutions of wave equation [29] . After the study of lattice F-transform of one variable [16] , recently, the relationship of lattice F-transform with fuzzy rough set and fuzzy topology is studied in [23] , while mathematical morphology is studied in [27] . In continuation to such studies, in this paper we focus on the extension of the theory of lattice F-transform for functions in two variables based on the generalized fuzzy partition (not necessarily finite) of universe. Interestingly, we show that the lattice F-transform studied in [16] can naturally be extended in this generalized framework. The structure of the paper is as following. In section 2, the concept of residuated lattices and its properties are recalled. In section 3, we introduce and study the lattice based (direct) F-transform for the functions in two variables. The inverse F-transform has been introduced in section 4.
Preliminaries
In this section, we recall some basic concepts and properties related to residuated lattices. For details on residuated lattices, we refer the works of (cf., [1, 2, 4, 5, 6, 26] ) . We begin with the following.
is a bounded lattice with the least element 0 and the greatest element 1;
(ii) (L, * , 1) is a commutative monoid; and
A residuated lattice (L, ∧, ∨, * , →, 0, 1) is complete if it is complete as a lattice. 
Throughout this paper, we work with the complete residuated lattice L = (L, ∧, ∨, * , →, 0, 1). The fuzzy sets consider in this paper take the membership values in L. For a nonempty set X, L X denotes the collection of all fuzzy subsets (L-valued functions) of X. Also, for all a ∈ L, and non empty sets X and Y , a(x, y) = a denotes the constant fuzzy set on X × Y ; and for all A ∈ L X , the core(A) is a set of all elements x ∈ X, such that A(x) = 1. A fuzzy set A ∈ L X is normal if core(A) ̸ = / 0. Throughout, ϒ denotes the index set.
F-transform
In this section, we introduce and study the notions of lattice F-transform for the functions in two variables. We consider D = X ×Y as a common domain of all L-valued functions.
In literature, several notions of fuzzy partitions have been introduced and studied (cf., [7, 16, 24, 25, 28] ). We begin with the following concept of a fuzzy partition. 
Direct F ↑ -transform
In this subsection, we generalize the notion of the direct F ↑ -transform defined on functions with single variable to the functions with multiple variables. We begin with the following new definition of direct F ↑ -transform. 
We denote by
The following is towards the linearity and monotonicity of direct F ↑ -transform.
the fuzzy partitions of X and Y respectively. Then for all
ξ , ψ ∈ ϒ , (i) F ↑ ξ ,ψ [a] = a, (ii) F ↑ ξ ,ψ [α * f ∨ β * g] = α * F ↑ ξ ,ψ [ f ] ∨ β * F ↑ ξ ,ψ [g], (iii) F ↑ ξ ,ψ [ f ] ≤ F ↑ ξ ,ψ [g] if f ≤ g, (iv) f (x ξ , y ψ ) ≤ F ↑ ξ ,ψ [ f ], if x ξ ∈ core(A ξ ), y ψ ∈ core(B ψ ).
Proof.
(i) Follows from Proposition 2.1 and Definition 3.2.
(
(iii) Follows from Proposition 2.1.
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of the F ↑ -transform is the least solution to the following equation:
Proof.
is the least element of S ξ ,ψ .
(ii) As from (i),
being the least element of S ξ ,ψ , ∀x ∈ X, ∀y ∈ Y , we have,
is the least solution of the Equation 3.1.
Direct F ↓ -transform
Now, we show that the similar results can be also obtained for the direct F ↓ -transform. We begin with the following. 
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The following is towards the linearity property of direct F ↓ -transform. 
In the next proposition we prove the various properties of direct F ↓ -transform. 
Proposition 3.4. Let f , g be L-valued functions on D = X × Y and Π
Proof. (iii) For ξ , ψ ∈ ϒ and x ξ ∈ core(A ξ ), y ψ ∈ core(B ψ ), 
of the F ↓ -transform is the greatest solution to the following equation:
is the greatest element of the set T ξ ,ψ .
being the greatest element of the set T ξ ,ψ , ∀x ∈ X, ∀y ∈ Y we have
is the greatest solution to the Equation 3.2.
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In this section, we introduce and study the concept of lattice inverse F-transform for functions in two variables. This section is divided into two subsections, while the first one is towards the study of inverse F ↑ -transform, the second subsection is towards the study of inverse F ↓ -transform.
Inverse F ↑ -transform
In this subsection, we present an extension of lattice inverse F ↑ -transform for the functions in two variables. We begin with the following.
is called the inverse F ↑ -transform. Now, we have the following.
Proof. Let x ∈ X, y ∈ Y . Then from Definitions 3.2 and 4.1, 
Proof. For ξ , ψ ∈ ϒ , we evaluate the value of
As a consequence, we obtain
Also, from Proposition 4.1, we have
The last two inequalities prove the result.
Inverse F ↓ -transform
In this subsection, we present an extension of lattice inverse F ↓ -transform for functions in two variables. We begin with the following.
Proof. Let x ∈ X, y ∈ Y . Then from Definitions 3.2 and 4.2, The last two inequalities prove the result.
Conclusion
In this paper, we have studied the theory of lattice F-transform for the functions in two variables. We consider D = X × Y as a common domain of all L-valued functions and shown that the lattice F-transform for functions in single variable can naturally be extended to that in two variables. The concept of higher degree F-transform has already been introduced in [20] by taking the function f as an orthogonal zero and first degree polynomials. We will try to study the higher degree lattice F-transform for functions in multiple variables in the near future.
